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Analysis of Flexible-Membrane and Jet-Flapped Airfoils
Using Velocity Singularities

D. Mateescu* and B. G. Newmant
McGill University, Montreal, Quebec H3A 2K6, Canada

A method for predicting the flow past thin airfoils in incompressible potential flow is presented. This method
makes use of special singularities that directly represent the complex conjugate perturbation velocity in the plane
of the airfoil. The method is developed first for rigid cambered airfoils and is then extended to problems for
which it is particularly suitable, namely, the flow past flexible impervious membranes and past airfoils with jet

flaps.
Nomenclature
a = coefficient of the trailing-edge singularity in Eq.
(47); inversely proportional to C, from Eq. (57)
C, = nondimensional jet momentum coefficient,
2J/(pU%)
C; = nondimensional lift coefficient, 2L /(pU?c)
C, = nondimensional moment coefficient, 2M/(pU?c?)
C, = nondimensional pressure coefficient,
2(p —p=)/ (pU?)
Cr = nondimensional tension coefficient for a membrane
airfoil, 27/(oU?%)
c = airfoil chord

e(X) = shape of the jet sheet, y =e(X)
h(X) = shape of the camberline, y = h(X)

I = is defined by Eq. (55)
Ji = is defined by Egs. (35) and (56)
L = downstream end of the jet sheet (with respect to the

leading edge), where the jet curvature has become
effectively zero and the slope is parallel to the
freestream velocity; ¢/c

R = local radius of curvature of a membrane or a jet
sheet

S = nondimensional coordinate indicating the position
of the ridge, s/c

s = position of a ridge (x =s); also, position of

elementary ridges representing a continuously
cambered airfoil (rigid or otherwise)
U = freestream velocity
u = perturbation velocity in the chordwise direction
v perturbation velocity in the y direction

vy = value of v at a solid boundary

Vo = value of v at the leading edge

w = complex conjugate perturbation velocity,
u—i(v—vy)

X = nondimensional coordinate, x/c

X = chordwise coordinate from leading edge (Figs. 1
and 3)

y = coordinate perpendicular to x axis (Figs. 1 and 3)

Z = complex variable with origin at the leading edge,
X +iy

o = incidence with respect to the upstream flow velocity
U
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B = change of slope at a ridge (x =s); also, the slope of
the jet flap at the trailing edge relative to the chord
(Fig. 3)

AC, = nondimensional pressure difference across the
airfoil, Cp .. = Cp per = 2Ap/(pU?)

Av = change of v at the ridge, —8U

I'e = auxiliary transformed plane defined by Eq. (7),
E+in

4 = ridge position in the auxiliary plane ¢, /s/(c ~5)

T = leading-edge slope relative to the chord

Introduction

THIN airfoil theory is presented in this paper that is

particularly suitable for problems in which the boundary
conditions can be stated in terms of either the slope or the
change of slope of the surface. Special singularities directly
represent the complex conjugate velocity perturbations due to
the airfoil.

Classical thin airfoil theory for a rigid airfoil was given by
Birnbaum and Glauert' using a modified Fourier expansion
for the distribution of circulation. Stewart? has modified the
method by transforming the airfoil to the circle plane, and
stating the complex velocity perturbation as a series of singu-
larities in this plane. The final results are expressed as a mod-
ified Fourier series for the pressure difference, which is identi-
cal to Glauert’s expression for the distribution of circulation.
Other efficient methods using numerical techniques have
been developed more recently for airfoils of any thickness
and camber; for example, Halsey® uses a numerically com-
puted conformal transformation for the conventional complex
potential. Boundary element methods developed in the form
of panel methods based on source and doublet, or vortex,
distributions have also been used for various aeronautical
applications.*?

In the present method, special singularities are used to deter-

" mine the complex conjugate perturbation velocity u —iv

(rather than the complex potential) in the airfoil plane. This
approach has two advantages: solutions are obtained in terms
of polynomial expansions rather than Fourier series, and it is
easier to satisfy the boundary conditions, particularly when
their position is not known a priori (e.g., jet flap or flexible-
membrane airfoils).

The simplest prototype problem is that of a very thin airfoil
extending on the real axis in the complex plane z =x + iy from
z =0 to z =c with a sudden change of slope, due to a single
ridge, at z=s (Fig. 1). As shown in the next section, two
velocity singularities are required that are proportional to the
following:

At the leading edge, z =0

(c—2z)
4
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Fig. 1 Geometry of a thin flapped airfoil: a) in the physical complex
plane z =x +iy; b) in the complex plane {=¢{+iy defined by the
conformal transformation (7).

At the ridge, z =5 (0<s <c)

cosh-1 [{€=2)s

c(s—2)

Note that both of these singularities also automatically satisfy
the Kutta condition at z =¢. This type of approach is similar
to that developed by Carafoli and Mateescu®’ for supersonic
conical flows, although for those cases the singular contribu-
tions were derived in a crossflow plane and from different
initial equations.

The prototype solution is readily generalized to a contin-
uously cambered rigid airfoil, since the v component of
velocity (normal to the chord) is directly proportional to the
local slope. Solutions for circular arcs are compared with the
classical results.

Problems involving either two-dimensional flexible mem-
branes® or airfoils with jet flaps have a boundary condition in
which the pressure difference across the membrane or the jet
(proportional to the chordwise perturbation velocity ) is pro-
portional to the local curvature (or the rate of change of the
airfoil slope). Solutions are obtained for both of these prob-
lems for which the airfoil shape is initially unknown. These
predictions are then compared with previous results obtained
by Nielsen® and Thwaites!® for membrane airfoils and by
Spence!!-!* for jet-flapped airfoils.

Method of Solution Using Velocity Singularities

Prototype Problem

A typical configuration of a flapped, otherwise uncam-
bered, airfoil (Fig. 1a) is first considered. This gives the basic
singularities at the leading edge L(x=0) and at the ridge
R(x =s), where the airfoil slope suddenly changes by an angle
8. The boundary conditions are

B {U(‘r—a)=v0
VE U@ —a—B) = vo + Av

for O<x<s
for s<x<c

1)
where « is the angle of attack, 7 is the leading-edge slope with
respect to the chord, vo= U(7— «) represents the normal-to-
chord perturbation velocity v at the leading edge and
Av = — BU denotes the change in v at the ridge. In the complex
plane z =x + iy, the conjugate complex perturbation velocity
is defined as

w(z)=u —i(v-vg) 2
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The boundary conditions (1) applied on the airfoil chord
are, thereby, simplified to

0 for O0<x<s
—Av for s<x<c

IMAG[w(2)]:=x = { €)

and, due to the antisymmetric nature of the perturbation flow
past the airfoil in the complex plane, )
REAL[w(z)];-x =0  for x<0, x>c 4

The local behavior of the perturbation velocities at the lead-
ing and trailing edges are, respectively

(where A4 is independent of z)
REAL[w(2)];~c =0

A
W(Z)] 1m0~ 7

&)

where the first condition represents the leading-edge singular-
ity for a flat plate at z =0 (Ref. 1), and the second is the Kutta
condition at the trailing edge (z =c). The complex velocity
w(z) should also contain a logarithmic singularity in order to
provide the jump Av at the ridge (z =s):

W@ = S taiz—5) ©

The expression of w(z) is determined in an auxiliary plane
=&+ iy (Fig. 1b), defined by the conformal transformation
of the Schwarz-Christoffel type!

P=z/(c-2) Q)

which transforms the airfoil (the x axis between 0 and ¢) into
the whole of the real axis in the { plane, and the rest of the x
axis into the imaginary axis. Noting that, in this theory, the
velocity components do not change under conformal transfor-
mation in c¢ontrast to the usual complex potential theory, the
boundary conditions become

0 for —o<é<o
IMAGIW], -0 = X—Av for £< -0, {>0 ®

[where o=vs/(c —s)]
REAL[W];.0=0 &)

The leading-edge singularity becomes a doublet singularity
1/¢ at the origin, and the ridge singularity becomes in this
plane +(Av/7)({F0), and, thus,

_al avf e,
W—A§_+ T[Eng__'_o IW] (10)

where the constant 4 has to be determined.
In the physical complex plane z, the solution becomes

w(z)=A /c—;f - %Av cosh~! i‘;s__z;; an

and the constant A comes from the requirement that u =v =0
at z— — oo, resulting in

A= —vo—%Av cos“\[ =U[a—r+%ﬁcos"1\/§] 12)

On the upper surface of the airfoil (y =0, z =x), the chord-
wise perturbation velocity # = REAL w(z) may, therefore, be
expressed as

ux)y=A4 /c—;)—( - %AvG(c,s,x) 13)

ol
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where the singular ridge contribution G(c,s,x) is defined as
r

cosh™! ’(c—x)s for 0<x<s
c(s—x)

. (c—x)s

— -1 L

G(c,s,x) =< sinh ’c(x ~5)

0 for x<0 and x>c¢

for s<x<c (14)

-

The pressure difference across the airfoil in dimensionless
form AC, =4u/U, where u are the chordwise perturbation
velocity components on the upper and lower surfaces of the
airfoil, can now be expressed as

4 2 s\ Je—x
AC,(x) = -T |i<v0+;Av cos‘l\/;> —

+3AvG(c,s,x)] (15)
T

where vo=(r—a)U and Av = —BU.

The lift coefficient and the pitching moment coefficient
about the leading edge are obtained by integration of the pres-
sure coefficient over the airfoil:

CL=21r(a—T)+4B[COS‘1\/§,+ /§<1— >]
3/2 Vs
cm=%cL+23<§> <1—§> (16)

These expressions are essentially the same as those derived
from Glauert’s thin airfoil theory!’ using a modified Fourier
expansion with N terms [see Eq. (26)]. However, there are
significant differences between the local pressure differences
AC,(x) provided by the present closed-form solution (15) and
Glauert’s method [which cannot represent accurately the
jump in the boundary conditions (1) at x =s]. This is shown
in Fig. 2 for a flapped airfoil with =0, 8=0.1 rad, and
s/¢=0.6. One can notice that the results obtained with

ol
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Fig.2 Comparison between the present solution in closed form (—)
and Glauert’s solution (o, o, and A) based on a modified Fourier
expansion with various numbers of terms N for the nondimensional
pressure difference ACp across a flapped airfoil (=0, 3=0.1 rad,
§/¢ =0.6) at three chordwise locations, x/c =0.55, 0.601, and 0.65.
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Glauert’s theory using an increasing number of terms, (N + 1),
in the Fourier expansion oscillate about the present closed-
form solution (for the chordwise locations x/c=0.55 and
0.65), or tend asymptotically, but very slowly, toward the
present solution (x/c =0.601).

Continuously Cambered Airfoils

The method is easily extended to thin continuously cam-
bered airfoils, defined by the camber slope A'(X)=«
+v,(X)/U, where v, is the normal-to-chord perturbation
velocity v at the solid boundary, and X =x/c is a nondimen-
sional coordinate. Using the two typical singular contributions
for the leading edge and ridge, the solution for any camber-
line shape can be obtained by superimposing infinitesimally
flapped airfoils [Eq. (15)] in the form

4 2 |! 1-X

AGX) = -5 i[vb(on - Eovg(S) cos~ VS dS] —~
2 1

+ Sov,,’(S)G(l,S,X) ds} 17

where X =x/cand S =s/c.

Considering a polynomial representation for the camberline
slope (which was also adopted in the design of the NACA 5
digit airfoil series),

1 n
h'(X)= vvb(X) +a= k);o he X* (18)

the pressure difference across the airfoil is obtained in nondi-
mensional form as

1 k | h-x
ACp(X)=4[a—Ehk Egk_ij} e 19
k=0 = j=0
where
1-3-5---(2¢g -1 2q)!
i} 2g-1 _ (9 sl QO

84=7346--2q)  29gH?’

The lift and pitching moment coefficients are

C = 27{01— Zkz_:ohkgkﬂ:l @n
T - k+1
Cn =7 [a—4kz=:ohkgk+l ) +2} 22)

A numerical comparison made for a circular arc airfoil
(camber ratio f/¢ =0.02 and incidence a=0.1 rad) indicated
that the present solution was in very good agreement with the
exact solution obtained by conformal transformation. The
agreement in the chordwise distribution of the pressure coeffi-
cient was within =1% (in fact, much better on most of the
chord), and the difference between the calculated lift and
pitching moment coefficients was smaller than 0.05%.

Membrane Airfoils

When the airfoil is a flexible, impervious, and nonstretch-
able membrane (or a two-dimensional sail, as shown in Fig.
3a), its shape is unknown but it has to satisfy the normal
equilibrium equation between the tension and the local pres-
sure difference across the membrane (see Refs. 9, 10, 16-18):

Ap = % = —~Th"(x) (23)

The latter approximation for the radius of curvature R is for
small slopes. The tension T, per unit span, can be considered
constant since the skin friction is zero in theory and very small
in practice.
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Fig. 3 Geometry of a) a flexible membrane airfoil and b) a thin
jet-flapped airfoil.

Introducing the nondimensional coefficients AC, =2Ap/
©U? and Cr=2T/(U%), where ¢ is the chord length,
Eq. (23) becomes

AC, = —~cCrh”(x) (24)

where the nondimensional pressure difference is AC, =4u/U.
The aerodynamic boundary condition on the airfoil is ex-
pressed in terms of the normal perturbation velocity compo-
nent v in the form

v=vy(x)=[~a+h’ (x)|U 25)

Nielsen® treated this problem by using Glauert’s approach
based on a modified Fourier expansion for the circulation
v=2UAGC, in the form

9 X .
AC, = -2% = Agtan + k);Ak sinkg (26)

where the coefficients A, and A, are related to the cosine
Fourier expansion of the airfoil slope, 4 ’(x), in terms of the
variable 0= cos~!(2x/c — 1) in the form

N
a—h'(x)=Ag+ Y, A; coskl 1))
k=1

On this basis, Eq. (24) was rewritten as
N N
1 . . .
> Cr ¥ kA, sinkf = Ay(l—cosh) +sind Y, A, sinkd (28)
k=1 £=1

which had to be used to determine the coefficients A, and 4,
that define the membrane shape.

However, at the leading edge, § = 7, Eq. (28) leads to 44,=0,
which corresponds to the ideal incidence for which the Kutta
condition is also satisfied at the leading edge. At any other
incidence, the constant A, should not be zero, and then
Eq. (28) is not satisfied at the leading edge. Nielsen® avoided
this particular difficulty by expanding each term of Eq. (28),
including 1 and cos#, as sine Fourier series, and equating the
coefficients of sinkd.

The present method does not contain the above ambiguity.
By differentiating Eq. (25), the membrane equilibrium equa-
tion (24) may be recast only in terms of # and v as

” — 4 ___4_.-u(—x)
h"(x)=vy(x)/U = o, U 29

For any shape of the camberline, Eq. (17) shows that u con-
tains the factor /(1 — X)/X =+/(c —x)/x, which satisfies the
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Kutta condition at X =1 and has the X ~** =+/¢/x singular-
ity at the leading edge. Hence, according to Eq. (29), h”(x)
and v, (x) both have to contain the same singular factor
V(1 - X)/X as u. The following expansion for v,(X) satisfies
all of these requirements:

1 ’ _ — l 1-X - k-1
Uvb(X)—h(X)—a<2—-2X> % +k2=:1kka 30)

n
(l]vb(X)=h'(X)-a=aXV2(1—X)3/2+ Y b Xk (31)
k=0

where, to satisfy the Kutta condition at the trailing edge
(X =1)in Eq. (29),

L kb =0 (32)

The lead term of Eq. (30) contains [(1/2) - 2X] and, although
not essential, leads to a more compact expression for v,(x).

The antisymmetrical chordwise velocity component u on the
flexible membrane corresponding to the above expansion of
vp(X) is obtained from (17) in the form

1 1 Cfal1 1-X
2AG, = HuX) ="~ & [5—X+X(1—X)h—)-(-—]

"b)f‘; xi| 22X
+kz=:o kj=ogk_j X (33)

where g,_; is defined by Eq. (20).
The camber shape of the flexible membrane can be obtained
by integrating Eq. (31), in the form
n bk

— P, S k+1
h(X)_c[aX+aJ0+kZ=30k+1X ] (34)

where

D R s SN 2o 1 7.1
Jo= g cos Ni-Xx -V X)X<8 12X+3X> (33

There are (n +2) coefficients defining the membrane cam-
ber, a and by (k=0,1,2,...,n), which have to be determined
using the condition (32) and the membrane equilibrium equa-
tion (29). At the leading edge (X =0), Eq. (29), which involves
u and v, reduces to

1/1 1 "
a5<;—£—1CT> +k§0bkgk—0 (36)
Other (n —1) equations can be obtained satisfying Eq. (29)
at other convenient locations X; (i=1,2,...,n —1) along the
chord

u(X;) = —iCrv’(Xi), i=12,...,(n-1) 37

The final equation is obtained from (34) by requiring that the
chord lies along the x axis, i.e., #(1)=h(0),

1
+1

T n
Ra+k§0k by = —« (38)

Eliminating the coefficient @, using Eq. (38), the system of
equations reduces to the form

(Du) [%k] = el 69

This can be solved for the coefficients (b, /«), which are inde-
pendent of o, provided that the matrix [D,,] is not singular, as,
for example, when Cr=1.727, which corresponds to the case
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Table 1 Comparison between the present solution
for flexible-membrane airfoils and the previous
results of Nielsen® and Thwaites!©

Cr a/Ve a/Cr
Present method 0.322 28.250

2 Nielsen 0.322 28.148
Thwaites 0.340 24.989

Present method 2.434 8.952

4 Nielsen 2.411 8.821
Thwaites 2.480 8.848

Present method 6.424 7.255

8 Nielsen 6.329 7.120
Thwaites 6.400 7.277

Present method 8.400 7.021

10 Nielsen 8.266 6.884
Thwaites 8.371 7.120

Present method 13.33 6.744

15 Nielsen 13.10 6.605
Thwaites 13.29 6.762

Present method 96.88 6.345

100 Nielsen —_ —_
Thwaites 96.86 6.349

Present method 391.69 6.298

400 Nielsen —_ —_
Thwaites 391.83 6.299

of a flexible membrane at an ideal incidence, o=0. At this
ideal incidence, a =0 and, hence, the pressure distribution, as
well as the membrane curvature, do not contain the leading-
edge singularity x ~*.

The excess length, defined as e={/c—1, is given by the
relation

1 1 2
€= jo 1+ [U_w vb(X)+oz} dx -1

(40)

and the lift coefficient of the flexible membrane airfoil is ex-
pressed, using Eq. (29), as

) (9’5> (@)
« k=1 o

The results obtained with the present method are compared
in Table 1 with the previous results of Nielsen® and Thwaites.!?

These results for the overall parameters «/C; , a/Ve, and Cr
are generally in fair agreement, although there are detailed
differences. The present method is in good agreement for
C7>8 with Thwaites method, which was developed for very
high Cr but is less accurate for smaller Cr. The comparison
with Nielsen’s method shows good agreement for Cr < 8.

At higher Cr (or higher a/Ve), Nielsen’s method is expected
to become less accurate because his Fourier expansion (27) of
the membrane slope fails to provide, when differentiated, the
leading-edge singularity x —* in the membrane curvature ex-
pression. This singularity is important for satisfying the mem-
brane equilibrium equation (24) near the leading edge, which,
as mentioned following Eq. (28), Nielsen’s method cannot
satisfy accurately. However, this singularity is likely to become
less important for very small incidences (small «/Ve), as Cr
approaches the first critical eigenvalue Cr_ = 1.727 (for which
there is no leading-edge singularity), in which case Nielsen’s
results become more accurate and agree well with the present
solution. These detailed differences in the behavior of the
theoretical solutions are, however, less important practically,
due to viscous effects and to separation at the trailing edge and
separation bubbles at the leading edge. As a result the potential
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flow theories compare rather poorly with experiment, as
shown by Newman,!” although agreement improves somewhat
as the membrane camber is reduced.

Jet-Flapped Airfoils

Consider a thin cambered airfoil of chord length ¢, provided
with a thin jet flap inclined at an angle 8, with respect to the
chord, at the trailing edge (Fig. 3b).

The jet is assumed to be a thin sheet and have a small
slope,!?-141? and to have a constant momentum J per unit
length of slot. The sheet curvature 1/R =e”(x), where
yy=e(x) is the jet-flap shape, is related to the pressure differ-
ence across the jet sheet by the momentum equation normal to
the jet (note that e is positive in the direction of positive y):

Ap = J/R = Je"(x) “42)

Using the dimensionless jet momentum coefficient C; =2J/
(pU?c), this equation can also be expressed in terms of # and
v in a form similar to Eq. (29):

@/Cp) u(x)y=cv’'(x) 43)

In addition, the aerodynamic boundary condition (25) has to
be satisfied on the airfoil, where # (x) is specified, and further-
more, the same condition has to be satisfied on the jet sheet
itself:

v=vx)=[-ate’ (0)]U (44

where the jet flap shape, y; =e(x), has to be determined.
At the trailing edge (x =c), the jet slope with respect to the
chord is specified as 3, which leads to the additional condition

e'(c)=—tanB= -
or

v(c) = — U sin(a+B)/cosB = —(a+ U 45)

Due to the pressure difference across it, the jet sheet is
deflected upwards and, eventually, at large distance ¢ behind
the airfoil, becomes flat and parallel to the freestream direc-
tion. This can be expressed by the additional condition

e’'(f)=e"(0)=0
or

v()y=v'(£)=0, [also u () = 0] (46)
where f tends, theoretically, to infinity. However, the jet cur-
vature practically tends to zero at a finite distance (f—c),
measured from the trailing edge, which depends on the jet
coefficient C;, the jet angle (8, and the incidence «, and,
in general, has the same order of magnitude as the chord
length c.

In this situation, the jet-flapped airfoil can be considered as
a fictitious rigid airfoil of an overall chord length ¢, with the
Kutta condition u(f) =0 satisfied at x = £ (where the jet sheet
curvature practically tends to zero).

Considering the nondimensional coordinates X =x/c and
L ={/c, the following expansion of the normal-to-chord ve-
locity component on the jet sheet, v;(X), satisfies the preced-
ing considerations:

| I . x k+1
Y =e"X)= —kgzekX——k+2

2. | ’L—X
-1 =T 47
+a7rsmh LX=1) én
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and, by integration,

+ aF(X) (48)

1 1
—vJ(X)+oz—e (X) = Eeka+1

where L =¢/c, and

= (X -1 Zsinh-! /——L—X
F(X)=(X- );sm LX-1)
_VI-i %cos“\/_%‘, (49)

The last term of Eq. (47) accounts for the trailing-edge sin-
gularity appearing in ¥ when the jet is not tangent to the
camberline, i.e., when h'(1)# —tan8= -3 [see Eq. (54)],
since v’ and u are related by Eq. (43).

The boundary condition regarding the jet slope 8 at the
trailing edge can be expressed in the form

TM:

ek = —~tanf — aF (1) (50)

and at the other end of the jet sheet (X =L), the boundary
conditions can be expressed as

e'(Ly=Y ex/L*+1 =0 (51)
k=2
e"(L)= - ¥ (k+1)eg/L¥+2=0 (52)
k=2

However, since L is usually chosen to be larger than 2, the jet

slope at X =L is at least an order of magnitude smaller than
the slope at the trailing edge 8, and, hence, the conditions (51)
and (52) may be omitted in order to avoid having too many
terms in the expansion (48).

The antisymmetrical chordwise perturbation velocity com-
ponent u on the jet-flapped airfoil (u/U = AC,/4) can be ob-
tained using Eq. (17), where the nondimensional coordinates
X and S are replaced here by X/L and S/L, and, accordingly,
the upper limit of integration will become L, instead of 1; also,
v(S) in Eq. (17) should correspond to two different variations
of the camberline slope on the airfoil itself, v,(S), and on the

3.5 T T T T

3.0 q
25 -

ACp
2.0 - -

05 ~ 1

0.0 L I L L
0.0 0.2 0.4 0.6 0.8 1.0

x/c

Fig. 4 The present solution (—) for a typical chordwise variation
of the nondimensional pressure difference AC, across a jet-flapped
airfoil (¢=0, 8=31.4 deg, C; =0.3) compared with Spence’s solu-
tion' (A) and with Dimmock’s experimental results'® (o).
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jet sheet, v,(S), i.e.,
Y A S*, for 0<S<1
1 k=0
p e ta=q (53)
e : +aF(S), for 1<S<L
k=2

where S represents the new nondimensional coordinates with
respect to ¢ (S =s/c). For convenience, in performing the inte-
gration in Eq. (17) on the jet sheet, a polynomial expansion

F(S)= Y b;/8F+!
k=2

is considered, instead of the expression given in Eq. (49).
The value of the chordwise perturbation velocity u# on the
airfoil and the jet is, thus, obtained as

1 ok A
—u(X)=fa— ¥ by L [ Xk
U =0 ;=0

’L—
- E(ek+abk)): Xk+l j} TX

{th,{xk k);;z e;f?} G(L,1,X) (54)

where G(L,1,X) has the expression (14), and I; and J; are
defined by

2 2 1
j=———\/ 1+ j LI, i IO=1——cos“\/:
™ L

(5%

2j
Jisr = 2j+1L[ L +J,}, J,_——\/ L=1 (56)

The constant @, which multiplies the singular term G(L,1, X)
at X =1, can be determined by applying the jet-momentum
equation (43) at the airfoil trailing edge and by considering
only the singular terms in #(X) and v’(X). It follows that

4
“a= [tanB+h ' (1)] = c [B+h’(1)] 67

When the jet is tangent to the airfoil camberline at the
trailing edge, i.e., tanB= — A ’(1), then ¢ =0 and, hence, the
singular behavior of u(X), as well as of v'(X), at X =1
(x =c) naturally disappears.

The (n — 1) unknown coefficients e, (k =2,3,...,n), defin-
ing the geometrical shape of the jet sheet, can be determined
now by satisfying Eq. (43) at (n — 1) convenient locations X;,
situated between X =1and X =1L, i.e.,

u(X;) = Cpy (X)), (1,2,...,n=1) (58)
The boundary condition (50) has also to be added to the system
of equations (58) for the determination of the coefficients e,
[as mentioned in the foregoing, conditions (51) and (52) may
be omitted].

The present theoretical solution is compared with the solu-
tion obtained by Spence'* and with the experimental results
obtained by Dimmock 4 in Fig. 4, which shows the chordwise
variation of the nondimensional pressure difference across the
airfoil, AC, = C,, — Cp,, =4u/U. The present theoretical solu-
tion was found to be in good agreement with the experimental
results and with Spence’s solution.
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The lift coefficient is obtained by integrating the pressure
difference, using Eq. (54), in the form

L-1

C, =4aL cos™! T

7 ) L
—4{2 hk|:21k+|COS_] T-f"-—
£=6
" L
+ ¥ (ex +abk)|:2Jk cos™! 5
£=2

k-1
4+ VI 20J,+,B 59
p-

where I, and J; are defined by the Egs. (55) and (56).

If the airfoil is a flat plate and there is no jet (7, =0, C; =0,
8=0, and in the limit 5/C; =0, and, hence, L = 1), then only
the first term remains in Eq. (59), which reduces to the classical
solution C; =2n«. For a flat plate with jet flap, it is not easy
to reduce Eq. (59) analytically to the simplified convenient
correlations of numerical results proposed by Spence.!!

The theoretical lift coefficient calculated with the above
equation is found to be in good agreement with Dimmock’s
experimental results and Spence’s approximate solution.!!

Conclusions

A method based on velocity singularities is presented for
incompressible potential flow past a thin airfoil. It makes use
of special singularities at the airfoil leading edge and ridges
(points where the airfoil slope changes), which directly repre-
sent the complex perturbation velocity on the airfoil. The
method has been developed first for rigid cambered airfoils,
starting with a prototype problem represented by a simple
flapped airfoil, for which a closed-form solution has been
derived.

The method has then been extended to obtain the solution
for the flow past flexible impervious membranes and past
airfoils with jet flaps. These two problems, apparently differ-
ent, have in common the fact that the airfoil geometry is not
known a priori, since they both depend on the pressure differ-
ence across the two sides of the flexible membrane, or the jet
sheet. In these cases, special singularities appear in the expres-
sion for the normal-to-chord component of the perturbation
velocity.

The method of velocity singularities presented in this paper
is particularly suitable for solving these special problems, since
it can handle directly these normal-to-chord velocity distribu-
tions.

The theoretical solutions obtained with the method of veloc-
ity singularities are validated first by comparison with the
conformal transformation solution for a rigid circular arc air-
foil. In addition, the present predictions are compared with
those obtained by Nielsen® and Thwaites'®!! for flexible-mem-
brane airfoils and are compared with Spence’s solution and the
experimental results obtained by Dimmock!! for jet-flapped
airfoils. Agreement is generally very good, and where there are
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minor differences the present solutions seem to be better, par-
ticularly in the case of membrane airfoils.
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